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We show the conditions which must be satisfied by the approximating functions, in order
that the result known for the nearly Hamiltonian systems with the analytic right sides
[1] would also hold for the systems with piece-wise analytic right sides,

Theorem, Let H {z, y) = h be a family of closed curves Cy dependent on the
parameter %, and matched from segments H; (z, y) = k on the intervals % STz,
Functions H; {z, y) are analytic in each of their arguments,

Then a unique limit cycle exists in the neighborhood of the closed curve (. for the
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periodic solutions of second order dynamic systems close to piece-wise
Hamiltonian systems

1)

system . . . '

ys T =Hy (z, y) +pp (2, p), ¥ =—H (& ) +pale,

when p == 0, provided that 4H / 8y is continuous at the points of matching z = »;
Here p (z, y) and ¢ (2, y) are functions, analytic on each of the intervals z;  #

iy and AP is a root of the equation
¥ (h°0) = S g(z, y)dx — p(z, y)dy =0, ¥’ (he°) 0
Chyp

The limit cycle will be stable when ¥’ (") <C0 and unstable when ¥" (k") > 0

Proof, Let denote by S{V the half-lines z = z; for ¥ > 0,and by §{?) the half-
lines x = z; for y <C 0 2nd let us consider the phase trajectories of the system (1) for
0 and p == 0, both satisfying the same initial conditions

@

the cases p =
¥y =1y, whent =20

z = z,,

Assuming that the trajectory of the system (1) satisfying the conditions (2) intersects
) (xx, ¥42) when u =0 and at the points P (z),

the half-lines S§’ at the points PY
”) when p =% 0, we shall first prove that a point transformation of the half-hne S(U

- )
into the half-line S}’ has the form Gk, ko)
0]

B i (x, y)dxr — p(x,y)dy - p2(..)

(1) — . (1)
y + (L)
SR (o» Yo
provided that the function 4H / dy is continuous at * = .
Let us consider the point transformation of the half-line SV into the half-line SV

When g = 0, solution of (1) satisfying the conditions (2) can be written as
t+ Po); ¥ = yolho, T+ @) (2o <Lz 2y) (4)

z = zolhg,
(hg, % = const)
We shall seek a solution of the system (1) in the case of p %= 0 in the form
z = zolag(t), - Bo(t)l = Eol?) (5)

y = Yolag(t), t+ Po(®)] = no (#)

where a(f) and Py(f) are some functions of time ¢

Inserting (5) into (1) we obtain
dzg da dzgd
B ot g = kP [E0(8). M0 (1]
(6)

Sypd dl
og: da;,, gzé: ﬁ“ = pq [Eo () Mo ()]

Taking into account that
_ 0H,[Ee (). me ()]

dzo OHo[Eo(t) Me()] Oyo
o dy » o ox
(3Ha 0z0 , 9Ho O _1
\z aho T 0y Ohe)xz, iy, ymne(h
we obtain from (86), )
dzy y
o o 15 0, mo() 57 —PLE0 (), e 57} ™
a8 a3
%% =M {P [Ee (1), Mo (B)] g’,ﬁ = ¢1Eo (1), ne(t)] 5}%}

Functions a,(¢) and ot} shounld satisfy the following initial conditions:
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ag(t) = hgr  Po(t) = @ wheni= 0
Wwriting ao(2) and Bo(?) in the form of power series in p, we obtain

ay(t) = hy - pag(t) + pA(...), Bo(t) = @0 + rPar(®) + pni(...) (%)

!
dxp dYo
1) = Mo (8)] =2 — t), no(t)] == dt
o (1) S {a 120 mo @ Z20— pEo(o) mottn 21}

(In the following, the expression for §,, (¢) shall not be required),

Let t= t; be the shortest time in which the representative point moving along the
trajectory of (1) can reach the half-line S{* at the point @yt

Substituting ¢ = ¢; into (5) and expanding the resulting relatjons into power series in

#, we obtain =t + piy + p¥.-)
dzo dxg ] .
@1 = zo(ho, tro 4 Qo) + B\ G [+ B (O] + g dm () f , + ()
=, =0
dy Yo

M = gV -+ {7}70 [t + Bor (1] + kg 01 (t)}zzu, - pt()

which, on eliminating t;, + Boi(t10), yield
(xlv y‘u(i))
D =y + £ 7@ y)de —p(e,y)dy +... (9

dH g {21, ymm)/ay (0. 00)
0 @

The integral is taken along the curve of the system (1) passing through the point
{zo, yo) with p=0,

Let us now consider the point transformation, taking the half-line Sf)“ into the half-
line §{". We shall represent the solution of (1 ) satisfying the conditions

i the form =1z, y= ygl) when t= ¢, (10)
z= 2y(hyy t+ @), ¥ = yi(ht 4 91 (11)
when p == 0 , and in the form
z=mzfo(t), t+ B0 = &), yv=plo@), -+ ()] =) (12)
when p =40 .
writing q,(z) and B,(#) in the form of power series in y.wve obtain
ay(t) = hy -+ pogn(t) -+ pA), Bl = ¢ + uhu(t) -+ u® (..) {13)

t
_ ory__ LA
=\ ftaOmo P —rEO.nO 3
1y
Let ¢==t, be the instant of time, at which the representative point moving along the
trajectory of (1) reaches the half-line SV
Inserting ¢ = ¢, into (12) and expanding the resulting expressions into power series
in u, we have ty == tag -+ Py -+ p2(...)
By= hio - phy - RHL) Q1= @y + peu + pAL)
@, (D Lad 1 ‘, 2
& Yo+ AH 1 (22, Zi’zu(l))/ 3y Uy - o (o)) £ p5(-0)
from which, taking into account the facrt that

B8Ry OH, (z1, yad ) o™
By = Hy(z, ), 20— gy = 1L 910 7 T
1 (2L ¥y Em %y el N




periodic solutions of second order dynamic systems close to piece-wise 893
Hamiltonian systems

and using (9), we obtain (%0, Y2o(D)

q(z,y)dz —p(x,y)dy +
(x1, Uln(l))

o
OH\ (22, y2iV)) / By

Yol = oo -

(%1, YaeM)

OH (x1, yro'™) ] 9y
dz —p(z,y) d ... 14
dH (21, ym(l)) | dy g(z,y)dz — p(z,y) y] + B () (14)

(xgs Vo)

Here the integrals are taken along the curve C) passing through the point Py(zo, Yo
and ho = Ho(Zo, Yo)-

If the function 8H / dy is continuous at z = j,then

H, (xy, yiq}))) /0y = 8H (, ym)) / 3y
and the expression (14) can be written in the form of (3) with k= 2.

Assuming now that the formula (3) is true for the transformation of the half-line S(‘)“
into the half-line S{) , we can show that it is also true for the transformation of SV
into S, provided that the function 0H / dy is continuous at z = z;.

Similarly, assuming the continuity of the function 64 / 8y we can show that relation
(3) holds for the transformation of S§{" into S{¥ (with the representative point passing
through the stralght line y = 0), provxded that OH, | (24, y,\o) / 3y is replaced by
OH, (2, ¥ia))/ 8y, and the superscripts (! by (2,

Everything that has been said above concerning the transformation of the half-line
S% into §¢' | also holds for transformation of the half-line S in the lower semiplane
into the mmal half-line S in the upper semiplane,

Point transformation of the half-line §{) into itself in the neighborhood of the closed
curve C, passing through the point Py(z,, yo), has the form

M = L q(z, y)dz — p(z, y)dy + (15)
Yo =Yt e YT p,,SD ( P

T N e yr Tk A OB O
Clearly, if
Wihe) = 0, ¥'(h") 0
then the transformation (15) has a unique fixed point Polze, yo® + By,), which tends to
the point P(zq, ¥oY) as p — 0 (k" = HolZos ¥0')).

At the same time system (1) has a unique limit cycle situated near the curve Ch: .
which tends to this curve for p — 0.

Koenigs' theorem [2] implies that the fixed point Po(zg, ¥o° + Wyy) and the corres-
ponding limit cycle are stable if ¥'(k,°) <{ 0 and unstable, if ¥'(#,°) > 0.

If the functions aH/dz, dH/dy, p(zx,y) and q(z,y) are 2 p-periodic in # then the phase
space of the system (1) will be periodic with two straight lines z = z; and z = z, + 2=
coinciding, The theorem proved above gives, in this case, the conditions of existence
and stability of the limit cycle of (1) enveloping the phase cylinder,

The author expresses her gratitude to N, N, Bautin for valuable advice,
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